Abstract. We prove that if X is a non-empty closed subset of R n (or, more generally, of a C 1 n-manifold) that is not totally disconnected then there exists a compact set K ⊂ X of measure zero and a homeomorphism φ of K onto itself which cannot be extended to a homeomorphism of X. We also show that in general the set K cannot be taken to be either connected or countable, and that the result does not hold in general if X is assumed instead to be totally disconnected and of positive volume. Finally, using the BanachStone theorem, we deduce an extension result for isometries that are defined on certain subspaces of C(∆).
Introduction
In the first section after this Introduction we prove that if X is a non-empty closed subset of R n that is not totally disconnected then there exists a compact Lebesgue null subset K of X and a homeomorphism φ of K onto K which cannot be extended to a homeomorphism of X onto X. For the non-trivial case, in which X is a connected subset of R n of positive volume, we give an example to show that one cannot insist that the set K be connected, and we also show (when n ≥ 2) that the set K is in general necessarily uncountable, e.g. when X = R n . In Section 3 we prove that the assumption of the theorem that X not be totally disconnected cannot be removed in general. This follows from a fact about the Cantor set ∆ = {0, 1} N proved in Section 3: if A and B are homeomorphic nowhere dense subsets of ∆ then any homeomorphism from A onto B extends to a homeomorphism from ∆ onto ∆. In the final section of the paper, we deduce from the latter result, using the Banach-Stone theorem, a theorem about extending 1991 Mathematics Subject Classification. Primary 46B04. Secondary 54C20.
c 0000 (copyright holder) linear isometries that are defined on certain subspaces of C(∆) to the whole of C(∆).
Existence of an inextensible homeomorphism
In the following theorem, which is the main result of this section, λ n denotes n-dimensional Lebesgue measure. Throughout, all homeomorphisms are assumed to be surjective unless stated otherwise. Theorem 1. Let X be a closed subset of R n that is not totally disconnected. There exists a compact set K ⊂ X, with λ n (K) = 0, and a homeomorphism φ : K → K such that φ cannot be extended to be a homeomorphism of X. Remark 1. Note that the restriction λ n (K) = 0 is automatically satisfied whenever λ n (X) = 0. In that case, however, a much stronger statement can be made (see Theorem 3 below).
The proof of Theorem 1 uses a topological lemma which is best formulated in the setting of locally compact Hausdorff spaces. First, let us recall some (not entirely standard) terminology for a general topological space X. Let A ⊂ X. We say that the pair (U, V ) of open sets is a disconnection of A if A ⊂ U ∪ V , A ∩ U ∩ V = ∅, and both A ∩ U and A ∩ V are non-empty (in other words, A is the disjoint union of the non-empty relatively clopen sets A ∩ U and A ∩ V ). We say that A is connected if A does not admit a disconnection. The connected components of A are the largest connected subsets of A. Each connected component of A is relatively closed in A and if Φ is a homeomorphism of X then each connected component of A will be mapped onto a connected component of Φ(A). We shall say that A is totally disconnected (the alternative term 'hereditarily disconnected' will not be used) if its connected components are all singleton sets. Proposition 1. Let X be a locally compact Hausdorff space. Then X is totally disconnected if and only if every proper closed subspace is totally disconnected.
Proof. The "only if" direction is trivial. So suppose that every closed subspace of X is totally disconnected. First we shall show that X is not connected. To that end, we may assume that X has no isolated points (otherwise there is nothing to prove). Fix a ∈ X. Since X is locally compact there exists an open neighborhood U of a such thatŪ is compact and X \Ū is non-empty. Since X has no isolated points, we may also assume that both U and X \Ū are infinite. Let A =Ū and let B = X \ U. Then both A and B are totally disconnected (by assumption) and A is compact. So there exist open sets U 1 and V 1 in X such that (U 1 , V 1 ) is a disconnection of B. Since A is compact and totally disconnected, A is zero-dimensional (i.e., A has a base of clopen sets) [3, p. 445] . Now A ∩ B ∩ U 1 and A ∩ B ∩ V 1 are disjoint (possibly empty) proper closed subsets of A whose union is A ∩ B. Since A is compact and has a base of clopen sets there exist open sets U 2 and V 2 in X such that (U 2 , V 2 ) is a disconnection of A and (this is the key point!)
Now define open sets U 3 and V 3 thus:
It follows from (1) and some elementary set theory that
and
Since (U 1 , V 1 ) and (U 2 , V 2 ) are disconnections of B and A, and since X = A ∪ B, it follows from (2) and (3) 
Finally, we show that X is actually totally disconnected. Let C be a connected component of X. Then C is closed, and C = X since X is not connected. Hence C is a proper closed set. But every proper closed set is totally disconnected by assumption. Hence C contains just one point.
Remark 2. The key fact that is used in the proof of Proposition 1 is the following: every totally disconnected locally compact Hausdorff space is zero-dimensional. It is known, however, that there exist subsets of R 2 (even G δ -sets [3, p. 467]) which are totally disconnected but not zero-dimensional [7] . Thus our proof of Proposition 1 does not work for Euclidean sets which are not locally compact.
Proof of Theorem 1. Suppose that X does not satisfy the conclusion of Theorem 1. We shall prove that X is totally disconnected, contrary to assumption. In view of Proposition 1 it suffices to establish the following claim.
Claim. Every proper closed subset of X is totally disconnected.
Proof of Claim. Let A be a proper closed subset of X. Suppose that a 1 , a 2 are distinct elements of A which belong to the same connected component of A.
To complete the proof of the Claim it suffices to show that φ does not extend to a homeomorphism of X. Suppose then that Φ is a homeomorphism of X which extends φ.
Hence a 1 = Φ(a 1 ) and b = Φ(a 2 ) belong to distinct connected components of Φ(A). This contradicts the fact that a 1 and a 2 belong to the same connected component of A, which proves the Claim.
Remark 3. Note that the set K is contained (except for three points) in a sphere in R n , and so K has finite (n − 1)-dimensional Hausdorff measure.
Even in the non-trivial case of Theorem 1, in which X is a connected set in R n of positive volume, it is not possible to insist that the set K be connected, as our next result shows.
Proposition 2. For each n ≥ 2 there exists a compact connected subset X of R n , with λ n (X) > 0, such that every homeomorphism φ that is defined on a closed connected subset K of X extends to a homeomorphism of X.
Proof. First consider the unit circle S 1 . Every closed connected subset of S 1 is a closed arc of the circle, and it's easily seen that a homeomorphism of a closed arc extends to a homeomorphism of S 1 . Clearly, every Jordan curve in R n (n ≥ 2) will have the same property, and it is a result of Osgood [9] that there exist Jordan curves X of positive volume. (See [10] for an interesting discussion of 'Osgood curves'.) Remark 4. Note that to obtain the compactness of X the restriction n ≥ 2 is necessary.
A Hausdorff topological space is said to be a topological n-manifold if it is locally homeomorphic to R n . If the coordinate transition functions are of the class C 1 , we say that M is a C 1 n-manifold. While there is no notion of 'volume' for general topological manifolds, there is nevertheless the following notion of 'measure zero' for a C 1 n-manifold (see e.g. [6] ): X ⊂ M is of measure zero if it is 'locally of measure zero', i.e., if λ n (φ(X ∩ U)) = 0 for every chart φ : U → R n . In the proof of Theorem 1 the set K is defined locally, and so one obtains the following generalization of Theorem 1 to C 1 manifolds.
If X is not totally disconnected, then there exists a compact set K ⊂ X of measure zero and a homeomorphism φ : K → K which cannot be extended to a homeomorphism of X.
The proof of Theorem 1 generalizes to give the following result.
Proposition 3. Let X be a locally compact Hausdorff space that is not totally disconnected. There exists a compact subset K of X and a homeomorphism φ : K → K that cannot be extended to X.
Proof. Suppose that X does not satisfy the conclusion. In view of Proposition 1 it suffices to establish the Claim stated in the proof of Theorem 1. To that end, choose A, a 1 , a 2 and b as in the proof of Theorem 1. Let
, where U is an open neighborhood of b whose closure is compact and does not intersect A.
b}).
Suppose, to derive a contradiction, that the homeomorphism φ of K extends to a homeomorphism Φ of X. Note that a 1 = Φ(a 1 ) and b = Φ(a 2 ) would then belong to distinct connected components of Φ(A) since they would be separated by the disconnection (X \Ū, U) of Φ(A). But this contradicts the fact that a 1 and a 2 belong to the same connected component of A.
If one removes the restriction in Theorems 1 and 2 that K be a set of measure zero then a much stronger statement can be made. This permits a strengthening of Theorem 1 in the case λ n (X) = 0. However, for the non-trivial case λ n (X) > 0, we prove below (Corollary 5) that no such strengthening is possible. (1) X is discrete; (2) for every closed A ⊂ X and for every homeomorphism φ : A → A there exists a homeomorphism Φ : X → X which extends φ; (3) for every compact K ⊂ X and for every homeomorphism φ :
K → K there exists a homeomorphism Φ : X → X which extends φ. (3) holds then X is totally disconnected. Moreover, (3) clearly implies that either X is discrete (which is (1)) or that X has no isolated points. So we may assume that X is perfect. Since every totally disconnected locally compact metric space is zerodimensional [3, p. 445], it follows that X has a base of clopen sets. Let L be a compact clopen subset of X. Then L is homeomorphic to the Cantor set ∆. It is easily seen (e.g. by using the fact that ∆ is homeomorphic to ∆ × ∆) that ∆ contains subspaces that are homeomorphic to ∆ but not clopen. Let
Since L 2 is clopen in X and L 1 is not, it is clear that φ cannot be extended to a homeomorphism Φ of X.
Remark 5. The equivalence of (1) and (3) does not hold in the category of separable complete metric spaces (see Theorem 5 below).
In many cases the set K appearing in the conclusion of Theorem 1 may be taken to be finite. For example, if X is a proper closed subset of R n with non-empty interior, then we may take K to consist of just two points, one point from the interior and one point from the boundary. This follows from the fact that any homeomorphism of X must fix the interior of X [8] . When n = 1 we can take K to consist of at most three points. For n ≥ 2, however, the set K is in general necessarily uncountable as the following theorem shows. This theorem is a straightforward corollary of a difficult result of Goffman [4] (see also [5, Theorem 6.9] ). In the following, R n ∞ denotes the one-point compactification of R n .
Theorem 4. Let n ≥ 2 and let A be a countable closed subset of R n . Let φ be a homeomorphism of A into R n . Then the following are equivalent:
Proof. (i)⇒(ii) is clear. To prove (ii)⇒(i), let {x n } be any sequence in A which tends to infinity (if there are any). Then {x n } has no convergent subsequence, and in particular has no cluster point in A. Since φ is a homeomorphism, it follows that {φ(x n )} has no cluster point in φ(A). Since φ(A) is closed it follows from the BolzanoWeierstrass Theorem that {φ(x n )} also tends to infinity. Hence, by defining φ(∞) = ∞, we can extend φ to a homeomorphism from the closed subset A ∪ {∞} into R n ∞ . Identifying R n ∞ with S n , we can find a closed 'cap' C of S n which contains A ∪ φ(A) ∪ {∞} in its interior. By [4] , φ extends to a homoeomorphism of C onto itself. Here we are using the fact that every closed countable set is, in the terminology of [4] , sectionally zero-dimensional. This extension will take the boundary of C onto itself and so will extend to a homeomorphism of S n onto itself. The restriction of this homeomorphism to R n yields the desired extension Φ of φ.
Remark 6. There exists a compact totally disconnected set in R 3 ('Antoine's necklace') whose complement is not simply connected [1] . Every homeomorphism of R 3 will take this set to another set whose complement is not simply connected. Thus, without extra hypotheses, Theorem 4 is false for totally disconnected sets. It is true, however, for sectionally zero-dimensional sets [4] .
The totally disconnected case
Our next goal is to show that the hypothesis of Theorem 1 that X is not totally disconnected cannot be eliminated in the nontrivial case λ n (X) > 0. But first let us make good the claim made earlier that Theorem 3 does not generalize to the category of complete separable metric spaces. To that end, we prove the following result. 
Proof. Using Fact 1 and a straightforward induction one can define disjoint clopen sets {V n } n≥1 with A n ⊂ V n . Then U n = V n ∩(A n ) 1/n is a clopen set satisfying (i). The fact that ∪ n≥1 U n is clopen (and not merely open) follows easily from the facts that A = ∪ n≥1 A n is closed and that U n ⊂ (A n ) 1/n . Thus (ii) is satisfied. 
Proof. Since A is zero-dimensional and separable it is possible to partition A into disjoint non-empty relatively clopen sets {Ã n } n≥1 with diam(Ã n ) < ε. SettingB n = φ(Ã n ), it follows from the fact that φ is a homeomorphism that {B n } n≥1 is a partition of B into relatively clopen non-empty sets. By partitioning eachB n into smaller relatively clopen sets, we can construct a finer partition {B n } n≥1 of B into relatively clopen sets with diam(B n ) < ε. Finally, let A n = φ −1 (B n ).
Combining the previous two lemmas we obtain the main technical ingredient in the proof of Theorem 3. Here, and throughout the proof of Theorem 5, it is notationally convenient to define U n , V n etc. for all n ≥ 1 by allowing some of these sets to be empty if necessary.
Lemma 3. Let A and B be closed homeomorphic subsets of N N and let φ be a homeomorphism from A onto B. Given ε > 0, there exist clopen (possibly empty) sets {U n } n≥1 and {V n } n≥1 such that the following hold:
Proof of Theorem 5. Let φ : A → B be a homeomorphism from A onto B. The extension Φ will be defined inductively, but to avoid potentially horrendous notation we shall merely indicate the first two steps of the induction; it will then be clear how to continue. For the first step, set A 1 = B 1 = N N and A n = B n = ∅ for n > 1. Applying Lemma 3 with ε = 1/2 there exist disjoint clopen sets {A 1,j } j≥1 and {B 1,j } j≥1 playing the role of {U n } n≥1 and {V n } n≥1 in the conclusion of Lemma 3. Moreover, since A and B are both nowhere dense, we may assume without loss of generality that the clopen setsÃ 1 (∪ j≥1 B 1,j ) are both non-empty. Thus far we have constructed non-empty clopen setsÃ 1 andB 1 and clopen sets {A 1,j } j≥1 (some (but not all) of which may be empty for notational convenience) and {B 1,j } j≥1 (again some may be empty) satisfying the following conditions:
This completes the first step of the induction. We can now define Φ oñ A 1 to be any homeomorphism fromÃ 1 ontoB 1 .
For the second step, we repeat this basic construction for each pair (A 1,j , B 1,j ) of non-empty sets, applying Lemma 3 with ε = (1/2) 2 . So, for each such fixed j, we obtain setsÃ 1,j , {Ã 1,j,k } k≥1 andB 1,j , {B 1,j,k } k≥1 satisfying the analogues of conditions (i)-(vii) (with A 1,j , A 1,j and A 1,j,k replacing A 1 ,Ã 1 and A 1,j respectively, and similarly for the B sets), but conditions (v) and (vi) are now as follows:
This completes the second step of the induction. We can now define Φ on eachÃ 1,j to be any homeomorphism fromÃ 1,j ontoB 1,j . It is worth emphasizing here exactly how the hypothesis that both A and B are nowhere dense is used as this crucial part of the argument could easily be missed. Suppose that (A 1,j,k,...,l , B 1,j,k,. ..l ) is a pair of non-empty clopen sets constructed at some step of the induction. Since A ∩ A 1,j,k,...,l is nowhere dense in A 1,j,k,...,l and B ∩ B 1,j,k,. ..,l is nowhere dense in B 1,j,k,...,l , the next step of the induction will produce nonempty setsÃ 1,j,k,...,l andB 1,j,k,. ..,l , and so the construction does indeed continue indefinitely.
It should now be clear how to continue the induction (with the diameters of the sets in conditions (v) and (vi) bounded by 2 −n ). Conditions (v) and (vi) ensure that at the end of the inductive definition Φ will be a bijection from N N \ A onto N N \ B, and hence that Φ is indeed an extension of φ. Moreover, condition (iv) ensures that Φ (A 1,j,k,...,l ) = B 1,j,k,. ..,l for all possible subscripts (1, j, k, . . . , l) , while (v) and (vi) ensure that A 1,j,k,...,l and B 1,j,k,...,l have diameter at most 2 1−n (where n is the length of the subscript (1, j, k, . . . , l). This ensures that both Φ and Φ −1 satisfy the usual ε − δ definition of continuity, and hence that Φ is indeed a homeomorphism.
Remark 7. It is interesting to compare Theorem 5 with an analogous (but weaker) result which holds for countable dense sets in each of the spaces R n , ∆ and N N . Let X denote one of these spaces. If A and B are countable dense sets in X then there exists a homeomorphism φ : A → B which extends to a homeomorphism Φ of X [3, pp. 348-349]. However, it is not the case that every homeomorphism from A onto B extends. Proof. This follows immediately from Theorem 5 since compact subsets of N N are nowhere dense. Remark 8. Thus N N satisfies condition (iii) of Theorem 3. Moreover, since N N is homeomorphic to a G δ subset of R, namely the irrational numbers, this shows that Theorem 5 does not extend to G δ subsets of R n .
Essentially the same proof carries over to establish the following analogue of Theorem 5 for the Cantor set. A short direct proof may also be given which we omit. Proof. Take X to be a Cantor set with the property that if U ⊂ R n is open then λ n (U ∩ X) > 0 whenever U ∩ X = ∅. (The existence of such a set is easily proved.) Clearly, if K is a closed subset of X of Lebesgue measure zero, then K is nowhere dense in X. Hence, by Corollary 2, any homeomorphism of K onto itself will extend to X.
Application to Extension of Isometries
In this section we shall use the Banach-Stone theorem (see e.g. [2] ) to translate Corollary 4 into a statement about surjective linear isometries on C(∆). (Throughout this section the term 'isometry' shall mean 'surjective linear isometry' unless otherwise stated.)
For a closed subset L of a compact Hausdorff space K, we shall denote by J the restriction operator from
The Banach-Stone theorem yields the following connection between the extension of homeomorphisms and the extension of isometries.
Corollary 6. Let L be a closed nowhere dense subset of ∆. Then to every isometry S of C(L) there corresponds an isometry T of C(∆) satisfying (4).
It is important to note that in Proposition 4 the operator T is not an extension of S because C(L) is not a subspace of C(K). In order to identify C(L) with a subspace of C(K) we have to extend each element of C(L) to an element of C(K) by means of a linear extension operator, i.e. a linear operator E :
In the case of the Cantor set, the universal property of the embedding ψ K established in Corollary 4 entails the existence of some particularly nice linear extension operators.
(C(L)) admits an extension to an isometry T of C(∆), i.e. so that the following diagram commutes:
Proof. By Corollary 4 the inclusion ψ of L into ∆ may be identified with the canonical embedding ψ L of L into L × ∆. Hence we may identify ∆ with L×∆ and L with the subspace
for some surjective homeomorphism φ of L and some continuous ±1-valued function γ on L. But clearly the definition of Sf in (5) can be applied to every f ∈ C(L × ∆) and will then define a surjective isometry T of C(L × ∆) which extends S as required.
Remark 10. Some condition on L is required for the conclusion of Theorem 6 to hold. Indeed, by Corollary 3, if L is perfect then the conclusion holds if and only if L is either nowhere dense or clopen. which is isometric to C(K) and contains no non-zero disjointly supported functions. Since K is disconnected, we may write K = K 1 ∪ K 2 where K 1 , K 2 are non-empty disjoint clopen sets, and since K is totally disconnected there exist subspacesK i of ∆ i withK i homeomorphic to K i (i = 1, 2). Since every closed subset of the Cantor set is the image of a continuous retraction [3] , we may find continuous retractions ψ i from ∆ i ontoK i . The mappings f → f • ψ i define linear extension operators Q i from C(K i ) into C(∆ i ). Let Y K be the subspace of C(∆) consisting of all functions of the form
Clearly, Y K is isometric to C(K K). Now Q 0 (Z K ) andZ K = Q 1 (C(K 1 )) + Q 2 (C(K 2 )) are both isometric to C(K). Let U be a linear isometry ofZ K onto Q 0 (Z K ), and define
Clearly, S K is an isometry of Y K . However, if f i ∈ C(K i ) (i = 1, 2), then Q 1 (f 1 ) and Q 2 (f 2 ) are disjointly supported in C(∆), and yet their images under S K lie in Z K , and hence are not disjointly supported. By the Banach-Stone Theorem, it follows that S K cannot be extended to an isometry of C(∆).
Remark 11. The collection of topologically distinct totally disconnected compact metric spaces has the cardinality of the continuum. Hence the collection of isometrically distinct Banach spaces of the form X L (or Y L ) has the cardinality of the continuum.
